Spectrograph is an optical device that is used to disperse photons of different energies E into distinct directions and space locations, and to take a snapshot of the whole spectrum of photon energies with a spatially sensitive photon detector. Substantial advantage of a spectrograph over an ordinary spectral analyzer, is its ability to deal with many photon energies simultaneously, thus reducing exposure time per spectrum considerably. To realize a spectrograph, dispersing elements with large angular dispersion rate are required. In visible light optics this is easily achieved with diffraction gratings. In hard x-ray regime this is a problem. Here we show, on the example of CDW x-ray optics [1] [2] [3] , that multi-crystal arrangements may feature cumulative angular dispersion rates more than an order of magnitude larger than those attainable in single Bragg reflections. This makes, first, hard x-ray spectrographs feasible, and, secondly, a resolving power beyond E/∆E 10 8 achievable.
Spectrograph is capable of measuring simultaneously a spectrum of photon energies E, and therefore is an optical device more desirable than an ordinary spectral analyzer, that measures energy of a single photon at a time. Spectrographs are especially wanted when long exposures (data collecting time) are required. This is always the case, if a very high resolving power is involved and the light sources are not especially bright. High-resolution spectroscopies in hard x-ray regime, which are used to study atomic dynamics and electronic excitations, is the realm where spectrographs would be extremely favorable due to mentioned constrains. Here we show that angular dispersion of hard x-rays can be enhanced by more than an order of magnitude in multi-crystal arrangements, and this effect can be used to realize spectrographs in hard x-ray regime [16] . Notably, the spectrographs become feasible with a resolution power of E/∆E 10 8 , what may advance significantly research using high-resolution x-ray spectroscopies, in particular inelastic x-ray scattering.
Czerny-Turner [4] grating spectrographs are nowadays standard in infrared, visible, and ultraviolet spectroscopies [5, 6] . In its classical arrangement, the Czerny-Turner spectrographs comprise a few elements shown schematically in Fig. 1 : first, a collimating mirror M C , which collects photons from a radiation source S and makes the photon beam parallel, secondly, a dispersing element DE such as diffraction grating or a prism, which disperses photons of different photon energies into different directions, thirdly, a curved mirror M F which focuses photons of different energies into different locations F (E), and, last but not least, a spatially sensitive photon detector Det placed in the focal plane to record the whole photon spectrum. To achieve high resolution, what matters most, is the magnitude of the angular dispersion rate D = δθ /δE, which measures the variation of the reflection angle θ with photon energy E upon reflection from the dispersing element. For a given focal length F (M F → Det) from the mirror to the source image F (E) on the detector, the angular dispersion rate D determines the magnitude of the source image position variation with photon energy δF (E) = DF δE. In the following, DF is termed spatial dispersion. The smallest spectral interval ∆E between spectral components, which can be resolved is therefore
where ∆F is the largest of the two values, either source S image size on the detector for a particular monochromatic component, or detector spatial resolution. Nowadays, diffraction grating manufacturing technology has advanced to the extent, that grating spectrographs are being successfully used with much shorter wavelengths, in particular in soft x-ray regime ( 1 keV) [7, 8] attaining resolving power of E/∆E 10 4 . Extension into the hard x-ray regime is, however, not trivial, because of the lack of hard x-ray optics elements with sufficiently large dispersion rate.
A hard x-ray equivalent of the optical diffraction grating is an asymmetrically cut crystal with reflecting atomic planes at non-zero asymmetry angle η = 0 to the crystal face, as shown schematically in Fig. 1(b) . In Bragg diffraction from asymmetrically cut crystals angular dispersion of x-rays takes place [1, 2, 9, 10] . A collimated x-ray beam at a glancing angle of incidence θ to the reflecting atomic planes, is fanned-out upon reflection with photons of different energies propagating at different angles θ (E) = θ, with a dispersion rate
(2) Here, b = − sin(θ + η)/ sin(θ − η) is the asymmetry parameter. Dispersion rates of 8 − 12 µrad/meV were demonstrated in Bragg diffraction from strongly asymmetrically cut crystals (θ − η 2 • ) close to exact back scattering (θ 90 • ) where D is maximal [2, 3] .
The effect of angular dispersion can be used to monochromatize x-rays beyond the limits determined by the spectral width of Bragg reflections [1, 2] . This can be accomplished by using a CDW type optics with three key elements: a collimator (C), dispersing element (D) and wavelength selector (W) [1, 11] . Asymmetrically cut crystals are used as C, D, and W elements. In particular, demonstrated recently an advanced CDW scheme, CDFDW monochromators [3] , can monochromatize to bandwidths ∆E Σ = 0.5 meV and less, achieving a resolving power of E/∆E Σ 10 7 at E = 9.1 keV.
The use of asymmetrically cut crystal as dispersing element was proposed for a "focusing monochromator" [12] . The crystal is combined with a focusing x-ray lens which Fourier transforms angular dispersion into spatial dispersion. As was correctly noticed in [12] such optics can be used as a monochromator, however, not as a spectral analyzer (or spectrograph), as a small angular size of the radiation source is required for its realization.
As Fig. 1 suggests, the x-ray spectrograph can be realized by substituting the diffraction grating in the Czerny-Turner scheme by an asymmetrically cut crystal. However, the mentioned above practically achievable dispersion rate in single Bragg reflection D 10 µrad/meV is barely useful, since only with focal lengths F 10 m a reasonably large spatial dispersion rate of FD 100 µm/meV can be attained. Here we show, on the example of CDW x-ray optics [1] [2] [3] , that multi-crystal arrangements may feature cumulative angular dispersion rates more than an order of magnitude larger than those attainable in single Bragg reflections -Eq. 2. It is this enhanced cumulative angular dispersion rate that makes hard x-ray spectrographs feasible.
We will use the CDFDW optics [3] , an advanced CDW scheme, as an example, to demonstrate how the enhanced cumulative angular dispersion rate appears in multi-crystal arrangements. The CDFDW optics, shown schematically inside the shaded oval area of Fig. 2(a) , consists of three crystals: CFW, D 1 , and D 2 executing five successive Bragg reflections. Each of the five reflection has its own key function termed as C (collimator), D (dispersing element), F (anomalous transmission filter), D, and W (wavelength selector) respectively. For a detailed discussion of the principles of the CDFDW optics, we refer to [3] . Here, we use DuMond diagram analysis [13] to calculate the angular acceptance ∆θ Σ for the input radiation, angular spread ∆θ Σ and spectral bandwidth for the output radiation ∆E Σ , but most importantly the dispersion rate after each Bragg reflection, and the cumulative dispersion rate D Σ of entire optics. Figure 3 shows DuMond diagrams for the sequence of all Bragg reflections, except for the anomalous transmission through the CFW crystal (F-reflection). This omission does not change substantially main results of the analysis.
Gray and brown stripes are the regions of Bragg reflections in the space of x-ray wavelengths λ and angles of incidence θ H or reflection θ H from the crystals in one of the reflections H=C, D 1 , D 2 , or W. All the crystals are asymmetrically cut with asymmetry angle η H . The yellow stripes display the overlapping reflection regions of the C-and D-crystals. Tricolor tetragons display the reflection region common for all elements. D-element is set into backscattering (θ D → π/2) with the center of the reflection spectral range at λ R .
The asymmetry parameter of the CFW crystal in the C-reflection, has to be chosen small |b C | 1 to accept incident photons in a broad angular range ∆θ C and collimate them into a beam with a small divergence ∆θ C :
For a low indexed Bragg reflection, such as Si(220), the angular width in symmetric reflection geometry ∆θ (s) C 23 µrad. By choosing |b C | = 1/21.5, as in [3] , the angular acceptance of the C-element, as well as of the entire CDFDW optics, becomes large ∆θ C = 106 µrad, while the angular spread of x-ray impinging on D 1 crystalsmall: ∆θ C = 5 µrad. The phase space for C-reflection is shown in diagrams C and C &D 1 , as stripes almost vertical due to a small Bragg angle 20. Fig. 1) . FIG. 3: DuMond diagrams for the sequence of Bragg reflections from elements of the CDFDW+W optics - Fig. 2(a) . Gray and brown stripes are regions of Bragg reflections in the space of x-ray wavelengths λ and angles of incidence θ H or reflection θ H from the optical elements (H=C, D1, D2, W, and +W). D-element is set into backscattering (θ D → π/2) with the center of the reflection spectral range at λ R . Yellow stripes display the overlapping reflection regions of the C-and D-elements. Tricolor tetragons display the reflection region common for all elements of the CDFDW optics. Green tetragon in W &+W shows reflection region common for all elements of the CDFDW+W optics
Here |b W | = 1/|b C | = 21. 5 1. The W-reflection selects photons in a small angular range, and most importantly in a bandwidth much smaller than the bandwidth of the D-reflections:
Remarkably, the photons are spread upon the Wreflection into a large angle, which is equal to the angular acceptance of the CDFDW optics Here we are arriving at the crucial point. From diagram W in Fig. 3 , it follows, that the W-reflection not only increases the beam divergence, it also increases by the same factor of |b W | the tangent of the phase space, i.e. it increases the angular dispersion rate from 2D to
That means that the cumulative angular dispersion rate D Σ , the CDFDW optics endowed with, is by a factor of |b W | greater than the largest dispersion rate D achievable in single Bragg reflection. In the example of [3] , η D = 88 • , D = 6.3 µrad/meV, |b W | 21.5, and therefore D Σ = 270 µrad/meV. The dispersion rate enhancement is large D Σ /D 40, and can be used at least twofold. First, the bandwidth of the CDFDW monochromator can be further reduced by applying one more Bragg reflection with an angular width ∆θ +W ∆θ W , see Fig. 3 (W &+W). To keep the beam direction unchanged, a better choice is two equivalent Bragg reflections from crystals in non-dispersive configuration, as shown schematically in Fig. 2(a) , and denoted by +W for supplementary wavelength selector. Figure 4 shows dynamical theory calculations for +W as Si crystals in the (220) Bragg reflection in symmetric geometry, other parameters of the CDFDW optics equivalent to those realized in [3] , and a 20 µrad angular spread for incident photons. The application of the supplementary wavelength selector reduces the bandwidth from 0.4 meV to 0.1 meV, what correlates with the estimation using the DuMond diagram W &+W. However, not only the +Wreflections reduce the bandwidth, they make the wings of the spectral distribution extremely sharp, as sharp as of the Gaussian distribution. With smaller ∆θ +W the bandwidth can be further reduced.
Secondly, the large dispersion rate enhancement can be used to realize a hard x-ray spectrograph. Its scheme is shown in Fig. 2(b) , as a part of an IXS instrument, comprising also the CDFDW+W monochromator and a 2D-mirror focusing x-rays on sample S. The CDFDW spectrograph is similar to the Czerny-Turner spectrograph presented in Fig. 1 , with one major difference. The diffraction grating (or the single crystal) is substituted by a multi-crystal optics with enhanced dispersion rate. The components of the spectrograph are also almost equivalent to the components of the CDW analyzer proposed in [1] (Sec. 6.3). The crucial difference is that the 2D-focusing mirror M F is added downstream the multi-crystal optics. This converts the analyzer into a spectrograph with potentially much higher spectral resolution. If mirrors M C and M F are equivalent and perfect, the system produces 1:1 image of the source S (xray scattered from sample S) on the detector Det with monochromatic x-rays independent of the distances between the mirrors and the distances of the CDFDW optics to the mirrors. On the other hand, the focal length F scales the linear dispersion rate D Σ F. The cumulative dispersion rate of the CDFDW optics studied in [3] is D Σ = 270 µrad/meV. This results in a large linear dispersion rate D Σ F = 270 µm/meV, even with a reasonably small F 1 m. The resolution of the spectrograph is limited, according to Eq. (1) by ∆F . Assuming the sources size to be 5 − 10 µrad, as discussed in [1] (Sec. 6.3), ∆F 20 µm is feasible, also if some broadening due to figure errors in mirrors are involved. Therefore ∆E Σ 0.1 meV, and resolving power E/∆E Σ 10 8 is feasible.
The DuMond diagram analysis presented in Fig. 3 suggests, that the enhanced cumulative dispersion rate appears in multi-crystal optics if a wavelength selector is applied as asymmetrically cut crystal with |b W | 1. This property is general. It is not a unique feature of the CDW-type crystal optics. The (+, −, −, +) monochromator composed of four asymmetrically cut crystals [14] , is another example. Using the results of the DuMond diagram analysis presented in Sec. 3.5 of [1] by Eqs. (3.32)-(3.33), it is easy to show that the cumulative angular dispersion rate of the (+, −, −, +) monochromator D Σ ∝ ∆θ /∆E tan θ|b 3 b 4 |/E, where |b n | 1 is the absolute value of the asymmetry parameter for the 3rd and 4th Bragg reflection. The dispersion rate for a single reflection is D ∝ tan θ (|b 3 | + 1)/E, according to Eq. (2). Therefore, cumulative D Σ is enhanced by a factor of |b 4 |.
In conclusion, multi-crystal x-ray optics with crystals in asymmetric diffraction may exhibit enhanced cumulative dispersion rate, more than an order of magnitude larger than the dispersion rate associated with a single Bragg reflection. Such optics can be used as dispersing element in Czerny-Turner-type x-ray spectrographs. Czerny-Turner-type spectrograph with CDW dispersing optics may feature resolving power beyond 10 8 . Czerny-Turnerscheme could be also used to realized
